Introduction {#Sec1}
============

Japanese encephalitis (JE) is an illness of the brain caused through the Japanese encephalitis virus (JEV) and is transmitted from the pig population to the human population through bloodsucking insects Culex mosquitoes, Centers for Disease Control, (CDC). The JEV is maintained in a natural enzootic cycle between reservoir population (especially pigs), mosquitoes and humans. The transmission of JEV, for the most part, happens in the country in horticultural zones, where floodwater system and rice development are related \[[@CR1]--[@CR4]\]. In the areas where JEV is endemic the annual incident range from 1 to 10 cases per 10,000 person per year affected children are under 16 years of age \[[@CR5]\]. The time duration of infection to illness in infected humans is about 5--15 days and initial symptoms are fever, headache and vomiting \[[@CR3], [@CR6]--[@CR8]\]. Most humans who are infected with only a few symptoms or have no symptoms and JE can be more deadly in advanced stages, National Vector Borne Disease Control Program, (NVBDCP).

The first human case of JEV was registered in Japan in 1935 and in India in 1955 \[[@CR3], [@CR9]\]. Unfortunately, there is no specific treatment available that can cure Japanese encephalitis, including the management of some basic supportive medical care and complications in medicine. Those who experience a more severe form of the disease will have to undergo treatment at the hospital. The finding of JE disease ought to be performed by utilizing a JEV-explicit immunoglobulin M (IgM) counteracting agent catch ELISA for serum and cerebrospinal liquid (CSF). JEV-explicit IgM can be estimated in the CSF of most patients by four days after the commencement of side effects and in serum by seven days after inception. The prevention of JE is mainly based on the control of mosquitoes and the vaccination of the human population. To control the mosquito population, some methods like using insecticides, reducing the number of breeding sites on your property, by killing the mosquito larvae where the insect's breed and bed nets are used in endemic regions. Mathematical modeling of infectious disease has a long history for understanding the effects of vaccination. Through the speedy rate of vaccine development, medical science has saved millions of lives. Smallpox, influenza, polio and lots of supplementary diseases are conquering examples in this regard \[[@CR10]\]. In the present life, it is bizarre and uncommon for a youngster not to get an antibody. An individual can get accessible immunizations for a malady common in his general vicinity. Some sickness immunizations are as of now created and anybody can take the antibody if the specific malady is in danger for it. Currently, several groups of vaccines available in the world like inactivated Vero cell culture-derived JE vaccine, SA 14-14-2 live attenuated JE vaccine, Ixiaro JE vaccine, etc. But Ixiaro is the only licensed JE vaccine available in the United States \[[@CR11]\]. It was avowed in march 2009 for the use of the human population aged more than 17 years. Later on, May 2013, avowed for the use of children whose aged lies between 2 months to 16 years \[[@CR1], [@CR6], [@CR12]\]. The essential inoculation plans for Ixiaro is two portions intramuscularly administrated on 0--28 days. For youngsters from 2 months to 2 years, each dose is 0.25 ml, for grownups and kids for more than 3 years, each dose is 0.5 ml. Prior, In India, the mouse brain-derived JE antibody was utilized, yet the productivity was insufficient to meet the national prerequisite \[[@CR13], [@CR14]\]. The SA 14-14-2 live attenuated JE vaccine has been utilized in China for over 20 years with an effectiveness of 80% for single-dose and 97.5% for a two-doses routine with 1 year interim among youngsters under 15 years old \[[@CR11], [@CR14]\]. Thus, the effectiveness of the JE vaccine is more than 90%, but the time duration of protection with the JE vaccine is not clear, but its effectiveness appears to decrease over time \[[@CR1], [@CR6]\].

Japanese encephalitis spreading fast in all states of India except Meghalaya, Himachal Pradesh, Jammu and Kashmir, Dadra, Daman, Punjab, Diu, Nagar Haveli, Gujarat, Lakshadweep and Sikkim \[[@CR1]\]. This disease is seasonal, most human cases reported in north India in May--October. The highest rate of this disease reported from the states of Uttar Pradesh, Bihar, Andhra Pradesh, Assam, Kerala, Goa, Haryana, Karnataka, Tamil Nadu and West Bengal \[[@CR5], [@CR9]\]. In modeling of such infectious disease, many authors have already worked on epidemic models to minimize the infection of JE and maximize the rate of recovered population \[[@CR15]\]. In recent years, mathematical models have been used to understand the interplay between various traditional measures such as the mobility of epidemic outbreaks \[[@CR16], [@CR17]\] and vaccination \[[@CR5], [@CR18]--[@CR20]\] quarantine, behavior change \[[@CR21]\].

When the immunization is accessible, a general inquiry emerges; How to allocate and implement this immunization. Unquestionably, we can't inoculate all people to control the sickness from the human population on account of social and moral issues, significant expenses, and so forth. In this manner, the legitimate conveyance and usage systems are critical to controlling JEV using vaccines. The adequacy of such a vaccination assignment procedure can be resolved through the investigation of a mathematical model. Right now, we need to illuminate this significant issue and would like to give a valuable rule to the arrangement producer.

To appropriately actualize vaccination battles in the human population, the recognized and insightful idea may be to inoculate individuals having a spot with explicit social affairs or territories vulnerable to contamination. On account of mosquito dependent infectious diseases, the vaccination can be an important tool to help control the spread of infection in such infectious disease and encephalitis is one of them. It is pointed out that in the above model, vaccination has been studied without considering the effective role of the mosquito population which depends on the human population-related factor. In this work, we construct and analyze a modified mathematical model of De et al. \[[@CR9]\], by incorporating the effect of vaccination on the spread of JE, which is the most effective control strategy against JE. In addition, we use a realistic standard incidence rate for direct contact between susceptible and infectious. We might want to express that we don't consider any structure in the model analyzed down right now, these references can be utilized to improve the present work.

Kar et al. \[[@CR19]\] have been studied the SIR epidemic mathematical model to minimize the infection rate and to maximize the recovered rate of the human population by using vaccination program and optimal control strategy to SIR model. Singh et al. \[[@CR22]\] have found that the development rate of the mosquito population relies upon the increasing density of ecological discharge by the human population. Also, the growth rate of the mosquito populations can be controlled by controlling the increasing density of ecological discharge. Iannelli et al. \[[@CR23]\] build an SIS mathematical model to contemplate the effect of inoculation by expecting the immunization age, super-infection, immaculate immunization and furthermore talked about the asymptotic behavior of the equilibriums state. Raul Prealta et al. \[[@CR24]\], developed an SVIR mathematical model to study the effect of the vaccine by considering the immune loss rate, which depends on the vaccine-age under the condition that during vaccination individuals have the same immunity.

In the present investigation, modifications to the SVIR model for JEV-affected humans and SI model for JEV-affected pigs \[[@CR9]\] are considered by reducing the vaccinated compartment of a pig. The main objective is to analyze the effect of vaccination on the human population for the prevention of Japanese encephalitis with a standard incidence rate of mosquitoes and pigs. In the case of mosquitoes there is nothing to explain because it is obvious that vaccination, medicine is not possible for that compartment. Hence we consider susceptible, vaccinated, infected and recovered (SVIR) compartment for humans and susceptible, infected (SI) compartment of mosquitoes and pigs (cf. the Fig. [1](#Fig1){ref-type="fig"}). Disease transmission of the susceptible human population depends on the standard incidence rate of infected mosquitoes. Similarly, JEV spreads among the susceptible mosquito population when it comes in contact with infected human and pig populations. In this way, JE transmission for the susceptible mosquito population should be dependent on the rate of standard incidence on infected pig and human populations.

The organization of the manuscript is as follows: In the next Sect. [2](#Sec2){ref-type="sec"}, notations and assumptions along with full explanation are provided. In Sect. [3](#Sec3){ref-type="sec"}, the mathematical formulation of the JE endemic model with a schematic diagram of the transmission of JEV puts in place and derive the model equations. We provide the region of biologically feasible solutions in Sect. [4](#Sec4){ref-type="sec"}, together with their positivity and boundedness. Dynamical behavior (existence of equilibrium states, basic reproduction number and stability) of the framework has been discussed in Sect. [5](#Sec5){ref-type="sec"}. In Sect. [6](#Sec11){ref-type="sec"}, vaccine-induced reproduction number and model parameters sensitivity investigation has been discussed to study the effects of controllable parameters of the JE model on the basic reproduction number and infected human population in Sect. [7](#Sec12){ref-type="sec"} while the simulations and discussions are presented in Sect. [8](#Sec13){ref-type="sec"} and conclusions in Sect. [9](#Sec14){ref-type="sec"}.

Notations and assumptions {#Sec2}
=========================

In our proposed model, it is assumed that the JEV starts its life cycle from the pig population and then spreads into the human population through Culex mosquitoes. It is also assumed that all the newborn's pigs and mosquitoes are susceptible, but newborn humans are not susceptible. In addition, JEV transmitted only in susceptible individuals. Many variables and constants(parameters) symbols have utilized in our proposed mathematical epidemiological model, including four compartments for humans, two compartments for pigs and mosquitoes, which are given in Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"}.Table 1Model variables and their descriptionsSymbolDescriptions$\documentclass[12pt]{minimal}
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Positivity and boundedness of solutions {#Sec4}
=======================================

Now, we present the positivity and boundedness of solutions of the system of Eqs. ([1](#Equ1){ref-type=""})--([8](#Equ8){ref-type=""}). For the system of Eqs. ([1](#Equ1){ref-type=""})--([8](#Equ8){ref-type=""}) to be biologically significant and well-proposed, essentially we have to show that all the solutions with non-negative initial conditions will remain positive for all time $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{t}>0$$\end{document}$. In the theoretical study of disease transmission, the boundedness of the system measures that the system is biologically legitimate and well-behaved \[[@CR16]\]. Biologically, validation of the model will be appeared by the accompanying theorem.

Theorem 4.1 {#FPar1}
-----------
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The proof is excluded. The feasible region for the system of Eqs. ([1](#Equ1){ref-type=""})--([8](#Equ8){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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Dynamical behavior of the system {#Sec5}
================================

Equilibrium states and basic reproductive number {#Sec6}
------------------------------------------------

Clearly, the system ([9](#Equ9){ref-type=""})--([16](#Equ16){ref-type=""}) has following two equilibrium states, namely
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Let us define threshold parameter $\documentclass[12pt]{minimal}
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The local stability of infection-free equilibrium state ($\documentclass[12pt]{minimal}
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### Theorem 5.1 {#FPar2}
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See "Appendix A" for proof of this theorem.

### Remark 5.1 {#FPar3}
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In this section, we have studied the global behavior of infection-free equilibrium point for the system of Eqs. ([9](#Equ9){ref-type=""})--([16](#Equ16){ref-type=""}).

### Theorem 5.2 {#FPar4}
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See "Appendix *B*" for proof of this theorem.
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### Theorem 5.3 {#FPar5}
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### Remark 5.2 {#FPar6}

To verify Theorem [5.3](#FPar5){ref-type="sec"} numerically, we use the set of parametric values from Table [2](#Tab2){ref-type="table"}. Thus, the conditions are as$$\documentclass[12pt]{minimal}
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### Theorem 5.4 {#FPar7}
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### Remark 5.3 {#FPar8}

To verify Theorem [5.4](#FPar7){ref-type="sec"} numerically, we use the set of parametric values from Table [2](#Tab2){ref-type="table"}. The simulations are done in the following seven cases for different initial starts and graphically displayed in Figs. [6](#Fig6){ref-type="fig"} and [7](#Fig7){ref-type="fig"}. In this figure, the variation of susceptible humans with susceptible mosquitoes and vaccinated humans with infected humans have been shown respectively. The trajectories start with different initial points reach at the equilibrium point ($\documentclass[12pt]{minimal}
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Also for following set of parameter values, the conditions for the global asymptotical stability of the endemic equilibrium $\documentclass[12pt]{minimal}
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Vaccine-induced reproduction number {#Sec11}
===================================

From Eq. ([17](#Equ17){ref-type=""}), we define the vaccine-induced reproduction number ($\documentclass[12pt]{minimal}
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From Eq. ([19](#Equ19){ref-type=""}), we also find that$$\documentclass[12pt]{minimal}
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Model parameters sensitivity investigation {#Sec12}
==========================================

In this section, we want to examine the relationship between input parameters and the results of the proposed model using the reproduction number $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{0} < 1$$\end{document}$.Fig. 11The graph shows the variation of human population with vaccination at endemic equilibriumFig. 12The graph shows the variation of human population without vaccination at endemic equilibriumFig. 13The figure shows the variation of mosquito population at endemic equilibriumFig. 14The figure shows the variation of pig population at endemic equilibriumFig. 15The figure shows the effect of susceptible human with no control, all control, vaccine control and medicine controlFig. 16The figure shows the effect of vaccinated human with no control, all control, vaccine control and medicine controlFig. 17The plot shows the effect of infected  human  with  no control, all control, vaccine control and medicine controlFig. 18The plot shows the effect of recovered human with no control, all control, vaccine control and medicine control

Simulations and discussions {#Sec13}
===========================

In this paragraph, we provide some simulations on the dynamics of the system ([1](#Equ1){ref-type=""})--([8](#Equ8){ref-type=""}). Moreover, to check how the human, mosquito and pig populations are affected by various parameters, we perform simulations by using the parameter values as shown in Table [2](#Tab2){ref-type="table"}, and numerical results are manifested graphically in Figs. [11](#Fig11){ref-type="fig"}, [12](#Fig12){ref-type="fig"}, [13](#Fig13){ref-type="fig"}, [14](#Fig14){ref-type="fig"}, [15](#Fig15){ref-type="fig"}, [16](#Fig16){ref-type="fig"}, [17](#Fig17){ref-type="fig"} and [18](#Fig18){ref-type="fig"} by using MATLAB(R2014a) software. In Fig. [11](#Fig11){ref-type="fig"}, the variation of the human population with vaccination is shown and in Fig. [12](#Fig12){ref-type="fig"}, the variation of the human population without vaccination is shown. From these two figures, we can study the effect of vaccination on the human population. In the case of vaccination, the susceptible population is below 50 and the vaccinated population is above 50, whereas in case of without vaccination, the vaccinated level goes to zero and susceptible level increases. We also see that vaccination does not affect the infected and recovered human population. This signifies that vaccination only affects susceptible individuals if individuals infected, vaccination does not affect the infected population. Figures [13](#Fig13){ref-type="fig"} and [14](#Fig14){ref-type="fig"}, show the variation of mosquito and pig population at an endemic equilibrium point. These two figures (Figs. [13](#Fig13){ref-type="fig"}, [14](#Fig14){ref-type="fig"}) show the stability of the endemic equilibrium when $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{0}$$\end{document}$ are larger than one. We observed in Fig. [15](#Fig15){ref-type="fig"}, that due to the control strategy, the number of susceptible human decreases in society. This signifies that the spread of JE infection in society can also be controlled through the proper implementation of vaccines, medicine and some effective prevention. This strategy also shows that the effect of vaccine and medicine control on susceptible humans is almost the same. This reflects that some effective medical treatment and medicine can also control the spread of JE infection. Whereas in Fig. [16](#Fig16){ref-type="fig"}, the number of vaccinated human increases in the community. This shows that the community can make infection-free through the effective treatment and vaccination control of a human. From Fig. [17](#Fig17){ref-type="fig"}, we observed that due to the control strategy, initially decreases the infected human but after some time it stabilized. This shows that the vaccination strategy has no significant impact on the infected human. Finally, in Fig. [18](#Fig18){ref-type="fig"} we observed that due to controlled strategy, the number of recovered human increases in the community but after some time it stabilized. This shows that infected humans can be immune (but not completely) through some basic supportive medical care and treatment.

Conclusions {#Sec14}
===========

In this article, perspective on human, mosquito and pig population, a nonlinear scientific model for JEV has been proposed and examined to contemplate the impact of vaccination on control of infectious disease, Japanese encephalitis. The model displays two equilibria, to be a specific disease-free and endemic equilibrium. The first equilibrium exists without any conditions but the second equilibrium exists if the threshold parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{01}>1$$\end{document}$. We have discovered another threshold parameter in terms of vaccine, vaccine-induced reproduction number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(\alpha _{1})$$\end{document}$ which is, if not as much as unity, the disease ceases to exist, without infected population otherwise the infection is kept up in the population and disease turns out to be progressively endemic. The system of the differential equations has a unique infection-free steady state which is locally asymptotically stable if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{01}< 1$$\end{document}$ and unstable if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{01}>1$$\end{document}$. Furthermore if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{01}$$\end{document}$ approaches to 1, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{0}$$\end{document}$ becomes unstable but $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{1}$$\end{document}$ exist. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{01}> 1$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{1}$$\end{document}$ exists and it is locally asymptotically stable under certain condition. Also for both the equilibrium point global stability have to show by using Liapunov's function in the region of attraction $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ under certain conditions. Model analysis shows, if the vaccination program has adequate capacity to mobilize a high degree of population, there is an abundance of mosquitoes in the environment, then the disease can be controlled. Moreover, it is found that vaccine coverage has a substantial effect on the basic reproduction number, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}$$\end{document}$. Also, by continuous efforts and effectiveness of vaccine coverage, the disease can be eradicated. Also, found by sensitivity investigation, if 1% increase in the parameters $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{m}, \delta ~\text{ and }~\alpha _{1}$$\end{document}$ keeping all others parameters fixed, then the value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}$$\end{document}$ decreases by 0.01587%, 0.001987% and 0.00495% respectively. Also, if we increase 1% in *B* then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}$$\end{document}$ increases by 0.01743%. This signifies that the parameter *B* is more sensitive to the transmission of JEV. Then again, in the event that the vaccination rate is over a critical level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{1c_{1}}$$\end{document}$, at that point the JE doesn't take a type of pestilence gave the density of mosquito population stays at its equilibrium level. During the entire investigation of the JEV model, it is discovered that vaccination is the main long haul control measure against JE in the population. The mosquitoes reduction strategies may incorporate the end of mosquito breeding sites, keeping environmental factors perfect and clean. On the other hand, vaccinating the susceptible individuals in the human population with the end goal that vaccination level is kept up over the critical vaccination level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{1c_{2}}$$\end{document}$ and the vaccine efficacy is sufficiently high so that vaccinated individuals are not infected by infected mosquitoes. Along these lines, our present paper has been investigated various sorts of control procedures and their adequacy in controlling the JE disease by utilizing the steadiness hypothesis of differential conditions and the basic reproduction number. From the clinical perspective, we accept that our model examination is gainful for persons and control of the JE disease.

Appendix A. Proof of Theorem. [5.1](#FPar2){ref-type="sec"} {#Sec15}
===========================================================

Proof {#FPar9}
-----

The Jacobian matrix ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(E_{0})$$\end{document}$) of the system ([9](#Equ9){ref-type=""})--([16](#Equ16){ref-type=""}) corresponding to equilibrium state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{0}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} J(E_{0}) = \left( \begin{array}{cccccccc} -\mu _{h}&{}\beta _{1}&{}0&{}f_{1}&{}0&{}-a_{13}\bar{S_{h}}&{}0&{}0 \\ 0&{}-a_{22}&{}0&{}0&{}0&{}0&{}0&{}0\\ 0&{}0&{}0&{}-A&{}0&{}a_{13}\bar{S_{h}}&{}0&{}0 \\ 0&{}0&{}0&{}-(f_{1}+\mu _{h})&{}0&{}0&{}0&{}0\\ 0&{}0&{}-a_{32}\bar{S_{m}}&{}0&{}-\mu _{m}&{}0&{}0&{}-a_{31}\bar{S_{m}}\\ 0&{}0&{}a_{32}\bar{S_{m}}&{}0&{}0&{}-\mu _{m}&{}0&{}a_{31}\bar{S_{m}}\\ 0&{}0&{}0&{}0&{}0&{}-a_{42}\bar{S_{p}}&{}-\mu _{p}&{}a_{42}\\ 0&{}0&{}0&{}0&{}0&{}a_{42}\bar{S_{p}}&{}0&{}-d\\ \end{array} \right) \end{aligned}$$\end{document}$$The characteristic roots of Jacobian matrix  ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(E_{0})$$\end{document}$) are$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _{1}= & {} -\mu _{h}, ~\phi _{2} = -a_{22},~\phi _{3} = -A,~\phi _{4} = -(f_{1}+\mu _{h}),~\phi _{5} = -\mu _{m},\\ \phi _{6}= & {} -\mu _{m}(1-R_{01})\\ \phi _{7}= & {} -\mu _{p},~\phi _{8} = \frac{-d(1-R_{0}^2)}{1-R_{01}} \end{aligned}$$\end{document}$$In this article, all parameters are considered positive, therefore all  $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{i}(i=1,2,3,4,5,6,7)<0$$\end{document}$. Then, Routh--Hurwitz criterion all the characteristic roots of Jacobian matrix ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(E_{0})$$\end{document}$) have negative real part if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{8}<0$$\end{document}$ \[[@CR27], [@CR30]\]. Thus, the infection-free steady state ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{0}$$\end{document}$) is LAS if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}< R_{01}< 1$$\end{document}$, and unstable if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}> R_{01}> 1$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Appendix B. Proof of Theorem [5.2](#FPar4){ref-type="sec"} {#Sec16}
==========================================================

Proof {#FPar10}
-----

To establish the global stability of the infection-free steady state ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{0})$$\end{document}$, consider the following Lyapunov function,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V(t)= & {} (S_{h}-\bar{S_{h}}ln S_{h})+V_{h}+I_{h}+R_{h}+(S_{m}-\bar{S_{m}}ln S_{m})+I_{m}\\&+(S_{p}-\bar{S_{p}}ln S_{p})+I_{p} \end{aligned}$$\end{document}$$Differentiating V(t) w.r.t. '*t*' along the solutions of Eqs. ([9](#Equ9){ref-type=""})--([16](#Equ16){ref-type=""}), we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \dot{V(t)}= & {} \dot{S_{h}}\left( 1-\frac{\bar{S_{h}}}{S_{h}}\right) +\dot{V_{h}} +\dot{I_{h}}+\dot{R_{h}}+\dot{S_{m}}\left( 1-\frac{\bar{S_{m}}}{S_{m}}\right) +\dot{I_{m}}+\dot{S_{p}}\left( 1-\frac{\bar{S_{p}}}{S_{p}}\right) +\dot{I_{p}} \nonumber \\= & {} (a_{11}+f_{1}R_{h}+\beta _{1}V_{h}-(a_{13}I_{m}+\mu _{h})S_{h}) \left( 1-\frac{\bar{S_{h}}}{S_{h}}\right) \nonumber \\&+\,a_{21}-a_{22}V_{h} +a_{13}I_{m}S_{h}-AI_{h}\nonumber \\&+\, a_{12}I_{h}-(f_{1}+\mu _{h})R_{h}+(\lambda _{m}-(a_{31}I_{p}+a_{32}I_{h} +\mu _{m})S_{m})\left( 1-\frac{\bar{S_{m}}}{S_{m}}\right) \nonumber \\&+\,(a_{31}I_{p}+a_{32}I_{h})S_{m}\nonumber \\&-\,\mu _{m}I_{m}+(\lambda _{p}+a_{41}I_{p}-a_{42}I_{m}S_{p}-\mu _{p} S_{p})\left( 1-\frac{\bar{S_{p}}}{S_{p}}\right) +a_{42}I_{m}S_{p}-dI_{p} \nonumber \\= & {} -V_{h}\left( \mu _{h}+\beta _{1}\frac{\bar{S_{h}}}{S_{h}}\right) -R_{h} \left( \mu _{h}+f_{1}\frac{\bar{S_{h}}}{S_{h}}\right) \nonumber \\&-\,I_{h} \left( \lambda +\mu _{h}+a_{32}\bar{S_{m}}+a_{12}\frac{\bar{S_{h}}}{S_{h}}\right) -a_{41}I_{p}\frac{\bar{S_{p}}}{S_{p}}\nonumber \\&+\, I_{m}(a_{13}\bar{S_{h}}+a_{42}\bar{S_{p}}-\mu _{m})+I_{p}(a_{31}\bar{S_{m}}-\mu _{p})\nonumber \\&+\,a_{11}\left( 1-\frac{\bar{S_{h}}}{S_{h}}\right) -\mu _{h}S_{h} \left( 1-\frac{\bar{S_{h}}}{S_{h}}\right) \nonumber \\&+\, \lambda _{m}\left( 1-\frac{\bar{S_{m}}}{S_{m}}\right) -\mu _{m}S_{m} \left( 1-\frac{\bar{S_{m}}}{S_{m}}\right) +\lambda _{p} \left( 1-\frac{\bar{S_{p}}}{S_{p}}\right) -\mu _{p}S_{p} \left( 1-\frac{\bar{S_{p}}}{S_{p}}\right) \nonumber \\ \end{aligned}$$\end{document}$$Using the condition ([18](#Equ18){ref-type=""}) and feasible region D (as explain in Sect. [4](#Sec4){ref-type="sec"}), Eq. ([27](#Equ27){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}\le & {} -V_{h}\left( \mu _{h}+\beta _{1}\frac{\bar{S_{h}}}{S_{h}}\right) -R_{h} \left( \mu _{h}+f_{1}\frac{\bar{S_{h}}}{S_{h}}\right) \\&-\,I_{h} \left( \lambda +\mu _{h}+a_{32}\bar{S_{m}}+a_{12}\frac{\bar{S_{h}}}{S_{h}}\right) -a_{41}I_{p}\frac{\bar{S_{p}}}{S_{p}}\\&+\, I_{m}\mu _{m}\left( \frac{a_{13} \bar{S_{h}}+a_{42}\bar{S_{p}}}{\mu _{m}}-1\right) +a_{11}\left( 2-\frac{\bar{S_{h}}}{S_{h}}-\frac{S_{h}}{\bar{S_{h}}}\right) +\lambda _{m}\left( 2-\frac{\bar{S_{m}}}{S_{m}}-\frac{S_{m}}{\bar{S_{m}}}\right) \\&+\,\lambda _{p}\left( 2-\frac{\bar{S_{p}}}{S_{p}}-\frac{S_{p}}{\bar{S_{p}}}\right) \\= & {} -\,V_{h}\left( \mu _{h}+\beta _{1}\frac{\bar{S_{h}}}{S_{h}}\right) -I_{h} \left( \lambda +\mu _{h}+a_{12}\frac{\bar{S_{h}}}{S_{h}}\right) \\&-\,a_{41}I_{p} \frac{\bar{S_{p}}}{S_{p}}+I_{m}\mu _{m}\left( \frac{a_{13}\bar{S_{h}} +a_{42}\bar{S_{p}}}{\mu _{m}}-1\right) \\&-\, \frac{a_{11}(S_{h}-\bar{S_{h}})^2}{S_{h}\bar{S_{h}}} -\frac{\lambda _{m}(S_{m}-\bar{S_{m}})^2}{S_{m}\bar{S_{m}}} -\frac{\lambda _{p}(S_{p}-\bar{S_{p}})^2}{S_{p}\bar{S_{p}}} \end{aligned}$$\end{document}$$Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dot{V(t)}\le 0$$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( \frac{a_{13}\bar{S_{h}}+a_{42}\bar{S_{p}}}{\mu _{m}}\right) \le 1$$\end{document}$ i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{0}\le 1$$\end{document}$. Therefore, LaSalle's invariance Principle, \[[@CR18], [@CR31]\] implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{0}$$\end{document}$ is GAS in D. The proof is complete. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Appendix C. Proof of Theorem [5.3](#FPar5){ref-type="sec"} {#Sec17}
==========================================================

Proof {#FPar11}
-----

The Jacobian matrix for the model system ([9](#Equ9){ref-type=""})--([16](#Equ16){ref-type=""}) corresponding to equilibrium $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{1}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} J(E_{1}) = \left( \begin{array}{cccccccc} -(a_{13}I_{m}^*+\mu _{h})&{}\beta _{1}&{}0&{}a_{12}&{}0&{}-a_{13}S_{h}^*&{}0&{}0 \\ 0&{}-a_{22}&{}0&{}0&{}0&{}0&{}0&{}0\\ a_{13}I_{m}^*&{}0&{}-A&{}0&{}0&{}a_{13}S_{h}^*&{}0&{}0 \\ 0&{}0&{}a_{12}&{}-(f_{1}+\mu _{h})&{}0&{}0&{}0&{}0 \\ 0&{}0&{}-a_{32}S_{m}^*&{}0&{}0&{}0&{}0&{}-a_{31}S_{m}^*\\ 0&{}0&{}a_{32}S_{m}^*&{}0&{}0&{}-\mu _{m}&{}0&{}a_{31}S_{m}^*\\ 0&{}0&{}0&{}0&{}0&{}-a_{42}S_{p}^*&{}a_{42}I_{m}^*&{}a_{42}\\ 0&{}0&{}0&{}0&{}0&{}a_{42}S_{p}^*&{}a_{42}I_{m}^*&{}-d\\ \end{array} \right) \end{aligned}$$\end{document}$$Clearly, three characteristic roots of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(E_{1})$$\end{document}$ are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\mu _{m}, ~-(a_{31}I_{p}^*+a_{32}I_{h}^*+\mu _{m}),~ -a_{42}I_{m}^* \text{ and } -d+a_{42}$$\end{document}$. The other four characteristic roots of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(E_{1})$$\end{document}$ are given by the equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x^4+b_{1}x^3+b_{2}x^2+b_{3}x+b_{4}=0 \end{aligned}$$\end{document}$$where,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} b_{1}= & {} A+f_{1}+a_{13}I_{m}^*+a_{22}+\mu _{h}+\mu _{m}\\ b_{2}= & {} \frac{1}{a_{13}I_{m}^*+\mu _{m}}[-a_{12}a_{13}f_{1}I_{m}^*+A(a_{13} I_{m}^*+\mu _{m})(f_{1}+a_{22}+a_{13}I_{m}^*+\mu _{h}+\mu _{m})\\&+\, (a_{13}I_{m}^*+\mu _{m})\{(f_{1}+\mu _{h})(a_{13}I_{m}^*+\mu _{m}) +a_{22}(f_{1}+a_{13}I_{m}^*+\mu _{h}+\mu _{m})\}]\\ b_{3}= & {} \frac{1}{a_{13}I_{m}^*+\mu _{m}}[\{a_{22}(f_{1}+\mu _{h}) (a_{13}I_{m}^*+\mu _{m})+b_{4}+a_{22}\}(a_{13}I_{m}^*+\mu _{m})+a_{22}(f_{1}+\mu _{h}\\&-\, a_{12}a_{22}a_{13}f_{1}I_{m}^*)]\\ b_{4}= & {} a_{22}\{A(f_{1}+\mu _{h})(a_{13}I_{m}^*+\mu _{m})-2a_{12}a_{13}f_{1}I_{m}^*\} \end{aligned}$$\end{document}$$Eq.([28](#Equ28){ref-type=""}) has negative solutions if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{1}>0,$$\end{document}$  $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{3}>0,$$\end{document}$  $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{4}>0$$\end{document}$  and  

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_{1}b_{2}b_{3}> b_{3}^2+b_{1}^2b_{4}$$\end{document}$ i.e. satisfies Routh--Hurwitz criteria \[[@CR9], [@CR32]\]. Therefore, positive equilibrium ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{1}$$\end{document}$) is LAS. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Appendix D. Proof of Theorem [5.4](#FPar7){ref-type="sec"} {#Sec18}
==========================================================

Proof {#FPar12}
-----
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